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Transformations between the sky, the loaland the amera referene systems(Formulas used in the C++ lass MStarCamTrans)W. Wittekwittek�mppmu.mpg.de23rd May 2005AbstratWith a given orientation of the telesope, eah point in the amera orresponds to aertain diretion in loal oordinates and to a ertain diretion in sky oordinates. Thisnote deals with the transformations between the di�erent oordinate systems.
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1 Introdution 31 IntrodutionA diretion in spae an be spei�ed in various referene systems. In an IACT experiment the systemsof interest are the sky, the loal and the amera oordinate systems. For a �xed orientation of thetelesope axis, there are unique relations between the oordinates in the di�erent system. Theserelations are the topi of this note.The outline of the note is as follows : In Setion 2 the di�erent oordinate systems are de�ned. Thetransformations between the various systems are derived in Setions 3, 4 and 5. In Setion 6, theorientation of the telesope axis is alulated from the oordinates in the amera system and theorresponding loal (or sky) oordinates of a diretion in spae. The alulation of the oordinates ofa seond diretion, when the oordinates of another diretion are given, is desribed in Setion 7. Howthe various transformations an be used to draw grids of loal and/or sky oordinates in the amera isdesribed in Setion 8. In Setion 9 some speial transformations are disussed whih might be usefulfor the wobble mode of data taking.All transformations desribed in this note are implemented as member funtions of the C++ lassMStarCamTrans.A word of warning : The transformations between loal and sky oordinates as desribed in this noteare only approximate. The orresponding member funtions of MStarCamTrans are LoToCel andCelToLo. All approximations an be avoided by replaing these funtions by the exat transforma-tions.2 Definition of the oordinate systemsThree oordinate systems will be onsidered :� System A : A loal oordinate system (xA; yA; zA), in whih the loal (zenith and azimuthal)angles (�; ') are de�ned.� System B : An equatorial oordinate system (xB ; yB ; zB), in whih the sky oordinates (Æ; �),i.e delination and the hour angle, are de�ned. � is de�ned to be zero when the soure isulminating at the geographial longitude of the telesope. The relation between the hour angle� and the right asension RA is � = �RA + 0 + 1 � t (1)where 0 and1 are independent of the soure and independent of the time t with1 = 366; 25365; 25 � 360Æ24 h . If RA and � are known for an arbitrary point on the sky at the timet the onstant 0 an be determined and the relation between RA and � is known for all skydiretions, at all times.� System T : A telesope oordinate system (xT ; yT ; zT ), in whih the amera oordinates(xC ; yC) are de�ned.The de�nition of the systems A and B is given in [1℄ and it an also be seen from Figs. 1 and 2.The vetors ~a = (a1; 0; a3); ~z and ~r denote the earth-rotation axis (pointing to the elestial northpole), the zenith diretion and the position of a point on the sky respetively. For La Palma, witha geographial latitude of Lat = 28:8Æ, a1 = os(Lat) and a3 = � sin(Lat) are equal to 0.8763 and-0.4818 respetively.



2 De�nition of the oordinate systems 4
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Figure 1: Diretions of the axes (xA; yA; zA) and (xB; yB; zB) of the systems A and B respetively.The plane formed by the earth-rotation axis ~a and the zenith diretion ~z ontains also thediretions xA; zA and xB; zB. The diretions yA and yB are perpendiular to this plane. Thezenith diretion ~z is opposite to zA, and ~a is opposite to zB.
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Figure 2: De�nition of the zenith angle �, the azimuthal angle ', the delination Æ and thehour angle �. The vetors ~a; ~z and ~r denote the earth-rotation axis (pointing to the elestialnorth pole), the zenith diretion and the position of a point on the sky respetively.



3 Transformations between the loal and the equatorial system 5The telesope system T is de�ned as :� x-axis in the diretion of ~ex = ~r0 � ~zj~r0 � ~zj� y-axis in the diretion of ~ey = ~ex � ~r0� z-axis in the diretion of ~ez = �~r0where ~r0 represents the diretion the telesope is pointing to.For understanding the de�nition of the telesope system the following onsideration may be useful :When the observer is looking from the enter of the reetor in the diretion of the telesope axis(towards the amera) the xT -axis is pointing horizontally to the right, the yT -axis upwards and thezT -axis towards the observer.The origin of all three systems is assumed to be in the enter of the reetor.A natural de�nition of the amera plane is the plane perpendiular to ~ez at zT = �RC , where RCis the distane of the amera from the reetor enter. For onveniene, a �tive amera system(xC ; yC) is de�ned in the plane at zT = �1 with its enter on the ~ez axis. With this de�nition smallxC and small yC near (xC ; yC) = (0; 0) in the �tive amera system orrespond diretly to angles inthe sky (see eqs. (34) and (37)) :�xC = � sin �0 ��tan('� '0) ' � sin �0 ��' (2)�yC = �tan(� � �0) ' �� (3)The position (xtrueC ; ytrueC) in the true amera plane is obtained from (xC ; yC) byxtrueC = RC � xC ytrueC = RC � yC (4)By de�nition, the enter of the amera (xC ; yC) = (0; 0) orresponds to the diretion (�0; '0) (or(Æ0; �0)) the telesope is pointing to.3 Transformations between the loal and the equatorial sys-temAording to [1℄ the transformations between the loal and the sky system read :~rA = 0� xAyAzA 1A = 0� sin � os'sin � sin'� os � 1A = 0� a3 os Æ os� + a1 sin Æ� os Æ sin��a1 os Æ os� + a3 sin Æ 1A (5)~rB = 0� xByBzB 1A = 0� os Æ os�os Æ sin�� sin Æ 1A = 0� a3 sin � os' + a1 os �� sin � sin'�a1 sin � os' + a3 os � 1A (6)or � = aros(a1 � xB + a3 � zB) ' = artan(�yB; a3 � xB � a1 � zB) (7)Æ = arsin(a1 � xA + a3 � zA) � = artan(�yA; a3 � xA � a1 � zA) (8)



4 Transformations between the loal and the amera system at �xed telesope orientation 6The transformations are programmed in the funtions CelToLo and LoToCel respetively.It should be noted that these transformations are only approximate, beause they do not take intoaount e�ets due to preession, nutation and refration.By preession one understands the rotation of the earth rotation axis, on a irle of radius 23Æ270,around the axis of the elipti. The period of this rotation is 25700 years. Preession auses a hangeof RA in the order of 0.1 time minutes per year, and a hange of Æ in the order of 0.2 ar minutes peryear [2℄.Superimposed on the preession is another rotation, the nutation, with a period of 19 years and asmaller amplitude than that of the preession.Beause of refration, a light ray when passing through the atmosphere is bent suh that a soureappears under a higher elevation. The hange in elevation is 0", 33", 1'09", 2'37" and 34'50" for zenithangles of 0Æ; 30Æ; 50Æ; 70Æ and 90Æ respetively [2℄.4 Transformations between the loal and the amera system atfixed telesope orientation4.1 Transformation from loal oordinates (�; ') to oordinates (xC ; yC) in the �tiveamera system, when the telesope orientation is �xed at (�0; '0)The representations of the vetors ~ex; ~ey; ~ez; ~r0 and of some sky diretion ~r orig in system A are~ex;A = 0� � sin'0os'00 1A ~ey;A = 0� � os �0 � os'0� os �0 � sin'0� sin �0 1A (9)~r0;A = 0� sin �0 � os'0sin �0 � sin'0� os �0 1A = �~ez;A ~r origA = 0� sin � � os'sin � � sin'� os � 1A (10)It follows that the omponents of ~r orig in the telesope system are~r origT = 0� xTyTzT 1A = 0B� ~ex;A � ~r origA~ey;A � ~r origA~ez;A � ~r origA 1CA = M � ~r origA (11)with M = 0� � sin'0 os'0 0� os �0 os'0 � os �0 sin'0 � sin �0� sin �0 os'0 � sin �0 sin'0 os �0 1A (12)Thus ~r origT = 0� xTyTzT 1A = 0� sin � � sin('� '0)sin �0 os � � os �0 � sin � � os('� '0)� os �0 os � � sin �0 � sin � � os('� '0) 1A (13)



4.1 Transformation from loal oordinates (�; ') to oordinates (xC ; yC) in the �tive amerasystem, when the telesope orientation is �xed at (�0; '0) 7Note that these are the omponents of the original diretion ~r orig in the telesope system (before thereetion at the reetor). The reetion at the reetor is equivalent to a rotation of ~r orig by 180Æaround the telesope orientation ~r0 :~r refT = 0� xrefyrefzref 1A = 0� �xT�yTzT 1A = S � ~r origT (14)with S = 0� �1 0 00 �1 00 0 +1 1A = S�1 (15)Using (11) the omponents of ~r ref in the telesope system (after reetion) an be written as~r refT = 0� xrefyrefzref 1A = S � ~r origT = S �M � ~r origA (16)= 0� � sin � � sin('� '0)� sin �0 os � + os �0 � sin � � os('� '0)� os �0 os � � sin �0 � sin � � os('� '0) 1A (17)= 0� � sin � � sin('� '0)sin(� � �0)� os �0 � sin � � [1� os('� '0)℄� os(� � �0) + sin �0 � sin � � [1� os('� '0)℄ 1A (18)The oordinates (xC ; yC) in the �tive amera system are now obtained by determining the intersetionpoint ~r amT of the line (� � ~r refT ) with the plane zT = �1 :~r amT = 0� xCyC�1 1A = �1zref �0� xrefyrefzref 1A (19)or 0� xCyC 1A = 1p1� (xref )2 � (yref )2 �0� xrefyref 1A (20)
= 0BBBB� � sin � � sin('� '0)os �0 � os � + sin �0 � sin � � os('� '0)� sin �0 � os � + os �0 � sin � os('� '0)os �0 � os � + sin �0 � sin � � os('� '0)

1CCCCA (21)



4.2 Transformation from (xC ; yC) to (�; ') at �xed (�0; '0) 8
= 0BBBB� � sin � � sin('� '0)os(� � �0)� sin �0 � sin � � [1� os('� '0)℄sin(� � �0)� os �0 � sin � � [1� os('� '0)℄os(� � �0)� sin �0 � sin � � [1� os('� '0)℄

1CCCCA (22)sine ~r refT is a unit vetor. Note that the saling fator (�1=zref ) is lose to +1, beause (due to thesmall �eld of view of the amera) the diretions (�; ') and (�0; '0) are lose.The alulation of (xC ; yC) from (�; ') and (�0; '0) is programmed in the funtion Lo0LoToCam.4.2 Transformation from (xC ; yC) to (�; ') at �xed (�0; '0)The point (xC ; yC) in the �tive amera system is the point (xC ; yC ;�1) in the telesope system, fromwhih the unit vetor ~r refT is derived by~r refT = 0� xrefyrefzref 1A = 1q1 + x2C + y2C �0� xCyC�1 1A (23)Inverting (16) the original diretion ~r origA in system A is given by~r origA = 0� sin � � os'sin � � sin'� os � 1A = M�1 � S�1 � ~r refT = MT � S � ~r refT (24)= 0� sin'0 os �0 � os'0 � sin �0 � os'0� os'0 os �0 � sin'0 � sin �0 � sin'00 sin �0 os �0 1A0� xrefyrefzref 1A (25)Knowing ~r origA the angles (�; ') an be alulated.(�; ') an also be obtained by alulating sin('� '0), os('� '0) and tan2 � from (21)sin('� '0) = �xC(os �0 � yC � sin �0) � tan � (26)os('� '0) = sin �0 + yC � os �0(os �0 � yC � sin �0) � tan � (27)tan2 � = (sin �0 + yC � os �0)2 + x2C(os �0 � yC � sin �0)2 (28)and onverting the trigonometri funtions into the angles. The ambiguity in the sign of os � isresolved in the following way : If �0 is lose to 0 or � hoose that � whih is loser to �0, i.e. requirethe same sign for os � and os �0. Otherwise hoose that � whih is ompatible with a small di�erenej'� '0j, i.e. os('� '0) > 0.The alulation of (�; ') from (xC ; yC) and (�0; '0) is programmed in the funtion Lo0CamToLo.



5 Transformations between the sky and the amera system at �xed telesope orientation 95 Transformations between the sky and the amera system atfixed telesope orientation5.1 Transformation from sky oordinates (Æ; �) to oordinates (xC ; yC) in the �tive am-era system, when the telesope orientation is �xed at (Æ0; �0)The transformation is obtained by transforming the diretions (Æ0; �0) and (Æ; �) into loal oordinates(�0; '0) and (�; ') and then applying the transformation Lo0LoToCam.The alulation of (xC ; yC) from (Æ; �) and (Æ0; �0) is programmed in the funtion Cel0CelToCam.5.2 Transformation from (xC ; yC) to (Æ; �), at �xed (Æ0; �0)The transformation is obtained by transforming the diretion (Æ0; �0) into loal oordinates (�0; '0),applying the transformation Lo0CamToLo and then transforming the diretion (�; ') into the skyoordinates (Æ; �).The alulation of (Æ; �) from (xC ; yC) and (Æ0; �0) is programmed in the funtion Cel0CamToCel.6 Calulation of the telesope orientation6.1 Calulation of the telesope orientation (�0; '0) from (xC ; yC) and (�; ')Solving (28) for tan2 �0 yields tan �0 = �b�pb2 � 4a2a (29)with a = 1 + x2C � y2C � tan2 � (30)b = 2 � yC � [1 + tan2 �℄ (31) = x2C + y2C � tan2 � (32)The sign in (29) is hosen as follows : If � is lose to 0 or � hoose that �0 whih is loser to �, i.e.require the same sign for os � and os �0. Otherwise hoose that � whih is ompatible with a smalldi�erene j'� '0j, i.e. os('� '0) > 0. By de�nition, sin �0 is always > 0.Knowing �0, '� '0 an be alulated using (26) and (27).The alulation of (�0; '0) from (xC ; yC) and (�; ') is programmed in the funtion LoCamToLo0.6.2 Calulation of the telesope orientation (Æ0; �0) from (xC ; yC) and (Æ; �)The transformation is obtained by transforming the diretion (Æ; �) into loal oordinates (�; '),applying the transformation LoCamToLo0 and then transforming the diretion (�0; '0) into skyoordinates (Æ0; �0).The alulation of (Æ0; �0) from (xC ; yC) and (Æ; �) is programmed in the funtion CelCamToCel0.



7 Calulation of the oordinates of a seond diretion if the oordinates of another diretion aregiven 107 Calulation of the oordinates of a seond diretion if theoordinates of another diretion are given7.1 Calulation of the loal oordinates (�2; '2) for a given point (x2; y2) in the ameraif the loal oordinates (�1; '1) and amera oordinates (x1; y1) are given for anotherdiretionThis transformation, whih is programmed in the member funtion LoCamCamToLo, is obtainedby applying one after another the transformations LoCamToLo0 and Lo0CamToLo.7.2 Calulation of the point (x2; y2) in the amera for a given loal diretion (�2; '2) ifthe loal oordinates (�1; '1) and amera oordinates (x1; y1) are given for anotherdiretionThis transformation, whih is programmed in the member funtion LoCamLoToCam, is obtainedby applying one after another the transformations LoCamToLo0 and Lo0LoToCam.7.3 Calulation of the sky oordinates (Æ2; �2) for a given point (x2; y2) in the ameraif the sky oordinates (Æ1; �1) and amera oordinates (x1; y1) are given for anotherdiretionThis transformation, whih is programmed in the member funtion CelCamCamToCel, is obtainedby applying one after another the transformations CelCamToCel0 and Cel0CamToCel.7.4 Calulation of the point (x2; y2) in the amera for a given sky diretion (Æ2; �2) ifthe sky oordinates (Æ1; �1) and amera oordinates (x1; y1) are given for anotherdiretionThis transformation, whih is programmed in the member funtion CelCamCelToCam, is obtainedby applying one after another the transformations CelCamToCel0 and Cel0CelToCam.8 Drawing grids of loal and sky oordinates in the ameraIn the previous setions all tools have been provided to draw lines of onstant �, or onstant ' oronstant Æ or onstant � in the amera.The member funtions plotting the grids are alled P lotGridAtDe0H0, P lotGridAtTheta0Phi0.The loal or sky oordinates of the amera enter, whih by de�nition desribe the orientation ofthe telesope, have to be given as arguments, respetively. Knowing the oordinates of a diretionorresponding to the enter of the amera the oordinates in the amera of any other diretion an bealulated using the funtions Lo0LoToCam and Cel0CelToCam respetively.9 Some speial asesIf a soure diretion (xC ; yC) is given in the �tive amera system, equations (26), (27), (28) and (29)may be used� to determine the original soure diretion (�; ') for a �xed telesope orientation (�0; '0), or



9.1 Transformations for (xC ; yC) = (xC ; 0) 11� to alulate the telesope diretion (�0; '0) for a �xed soure diretion (�; ')9.1 Transformations for (xC ; yC) = (xC ; 0)For a given telesope orientation (�0; '0), a soure position (xC ; yC) = (xC ; 0) on the x-axis of the�tive amera system orresponds to an original soure diretion (�; '), where � and ' are given byos � = os �0q1 + x2C (33)tan('� '0) = �xCsin �0 (34)By inverting this equation one obtains for a given soure diretion (�; ') with the position (xC ; 0) inthe �tive amera system the telesope orientation (�0; '0) byos �0 = os � �q1 + x2C (35)tan('� '0) = �xCqsin2 � � x2C os2 � (36)9.2 Transformations for (xC ; yC) = (0; yC)For a given telesope orientation (�0; '0), a soure position (xC ; yC) = (0; yC) on the y-axis of the�tive amera system orresponds to a diretion (�; '), where � and ' are given bytan(� � �0) = yC (37)' = '0 (38)By inverting this equation one obtains for a given soure diretion (�; ') with the position (0; yC) inthe �tive amera system the telesope orientation (�0; '0) bytan(� � �0) = yC (39)'0 = ' (40)Referenes[1℄ W. Wittek, MAGIC-TDAS 00-11 (2000)[2℄ A. Uns�old and B. Bashek, "Der Neue Kosmos", Springer-Verlag (1999)


