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1 Introdution 21 IntrodutionWhen a point soure is observed by a telesope one is reording not only showers due to the gammasfrom the point soure (soure gammas) but also bakground showers due to the di�use omponent ofthe osmi ray ux (eletrons, photons and hadrons). In order to separate this bakground from thesoure gammas one usually takes separately on and o� data : for getting the on data the telesopeis direted exatly to the soure, for the o� data the telesope is direted to a sky region whih issuÆiently displaed from the soure position and whih hopefully does not ontain strong gammapoint soures. The soure gammas are then essentially obtained by subtrating the o� from the ondata. With this proedure a onsiderable part of the observation time is used for taking o� data.One may gain observation time by trying to produe on and o� data simultaneously. This is donein the so-alled wobble mode : The telesope is direted not exatly to the soure position but to apoint whih is displaed from it by an angle ��. The sign of �� is hanged periodially (say every 20minutes, orresponding to 5Æ in right asension) in order to ollet o� data not only from the regionon one side of the soure. The two wobble positions orresponding to the two signs of �� are alledwobble position 1 and wobble position 2. �� should be hosen as a ertain fration of the �eld ofview of the amera suh that the soure position is well inside the amera. The on data an now beobtained by analysing the shower images with respet to the point in the amera whih orrespondsto the soure position, the o� data by analysing the shower images with respet to some other pointin the amera (this point will be alled 'anti' soure position in the following) whih is not too loseto the soure position. As before, the soure gammas are now essentially obtained by subtrating theo� from the on data. The 'basi assumption' in this proedure is that the o� data represent a goodapproximation of the bakground whih is ontained in the on data.There are di�erent ways of hoosing the displaement ��. �� may for example be taken as a �xeddisplaementa) in the sky oordinates (Æ;RA), orb) in the loal oordinates (�; '), or) in the oordinates (x; y) in the amera system, where x is along the horizontal and y along theseond axis of the amera plane.A riterion for prefering one spei� hoie over another ould be how well the above mentioned 'basiassumption' is full�lled. How well it is full�lled depends ertainly on the hoie of the 'anti' soureposition. For a given soure position in the amera a reasonable hoie of the 'anti' soure position isthe point in the amera whih is obtained by reeting the soure position at the enter of the amera.With respet to their position in the amera soure and 'anti' soure position are then ompletelysymmetri. However, beause the number and the properties of the showers depend strongly on thezenith angle �, the soure and the 'anti' soure positions are in general not symmetri with respetto the shower images. They are only symmetri if soure and 'anti' soure position orrespond to thesame zenith angle. The latter is only the ase if the soure position lies on the horizontal axis of theamera.One ould also de�ne the 'anti' soure position to be the point in the amera obtained by reetingthe soure position at the y-axis of the amera. In this ase soure and 'anti' soure position wouldhave the same zenith angle, however soure and 'anti' soure positon would be loser together thanwith the previous hoie of the 'anti' soure position. In addition the distane between the two would



2 Mode of observation proposed for MAGIC 3in general be time dependent. Larger distanes between the soure and 'anti' soure positions aredesirable in order to redue the ontamination of the o� data by soure gammas.From this disussion it appears that de�ning �� to be a �xed displaement along the horizontal axis(x-axis) in the amera is an optimal hoie. This wobble mode is disussed in more detail in thesubsequent setion.Remarks on wobble mode a) :Here, when the soure is traked, the soure positions moves along a irle around the amera enter.The 'anti' soure position (if de�ned as the point obtained by reeting the soure position at theenter of the amera) has in general a di�erent zenith angle than the soure position. For a �xed signof ��, the sky region projeted onto the amera does not hange, although the sky image is rotatingin the amera.Remarks on wobble mode b) :If �� is a �xed displaement in the zenith angle � the soure will be on a �xed position on the y-axisof the amera. The 'anti' soure position (if de�ned as the point obtained by reeting the soureposition at the enter of the amera) has always a di�erent zenith angle than the soure position.During traking of the soure, the sky image is rotating around the soure position and the sky regionprojeted onto the amera is hanging ontinuously.If �� is a �xed displaement along the diretion of the azimuthal angle ' the soure will in generalbe lose to the x-axis of the amera, the distane from the x-axis depending on �. The 'anti' soureposition (if de�ned as the point obtained by reeting the soure position at the enter of the amera)has always a di�erent zenith angle than the soure position, although the di�erene is in general small.During traking of the soure, the sky image is rotating and the sky region projeted onto the amerais hanging ontinuously.2 Mode of observation proposed for MAGIC2.1 De�nition of the proposed wobble modeGiven an outer radius of the outer part of the MAGIC amera of 2Æ, a radius of the inner part of 1:25Æand a radius of the trigger region of 0:8Æ, a value �� = �0:4Æ seems appropriate for the MAGICtelesope.In the following the wobble mode is desribed whih is proposed for MAGIC (see also [2℄) :� For zenith angles � of the soure � > 0:4Æ (see Fig. 1) :�� is a �xed displaement along the x-axis (horizontal axis) of the amera. Thus, by de�nition,the soure is always at a �xed position on the x-axis of the amera. The 'anti' soure positionis de�ned as the point obtained by reeting the soure position at the enter of the amera.It is thus also always at a �xed position on the x-axis of the amera. The two positions areinterhanged when the sign of �� is reversed. The mode with positive �� is alled wobbleposition 1, that with negative �� wobble position 2.With these de�nitions soure and 'anti' soure position have always the same zenith angle.� For zenith angles � of the soure � < 0:4Æ (see Fig. 2) :In the limit � = 0 any displaement is a displaement in �. Therefore the above de�nitionof �� is not appliable for � < 0:4Æ. This an also be seen from eq. (37) below : there isno telesope orientation '0 for whih tan� < jxj. It is natural to de�ne �� in this ase as a



2.2 Properties of the proposed wobble mode 4�xed displaement along the y-axis in the amera, whih orresponds to a �xed displaement in� (see eq. (40)). Thus, by de�nition, the soure is always at a �xed position on the y-axis ofthe amera. The 'anti' soure position, if de�ned as the point obtained by reeting the soureposition at the enter of the amera, is thus also always at a �xed position on the y-axis of theamera.If (�; ') are the urrent loal oordinates of the soure a negative �� implies an orientation(�0; '0) of the telesope with �0 = � � �� = � + 0:4Æ and '0 = ' (see eqs. (40)and (41)). The seond wobble position, orresponding to a positive ��, would give a telesopeorientation with �0 = � � �� = � � 0:4Æ < 0 and '0 = '. In order to diret thetelesope to this diretion one either has to work in the so-alled 'reverse' mode of the telesope(whih allows negative values of �0, see [1℄) or one has to diret the telesope to the diretion�0 = �� + �� = �� + 0:4Æ > 0 and '0 = ' + 180Æ, whih requires a rotation ofthe telesope by 180Æ. Beause of the low j�0j values involved neither of these solutions is veryattrative. We therefore propose to use in the ase of low � only one wobble position, the oneorresponding to a negative �� (wobble position 3, see Fig. 2).With these de�nitions the zenith angles of the soure and 'anti' soure position are alwaysdi�erent (by 2 ��� = 0:8Æ). However, beause the number and the properties of the showersare essentially funtions of os� and not of �, the di�erene in � at these small values of � isquite irrelevant.The swith from low to high � need not be made exatly at � = j��j = 0:4Æ but also at some higherangle, say at 1Æ.2.2 Properties of the proposed wobble modeDuring traking of the soure, the sky image in the amera is rotating around the soure position. Thesky region projeted onto the amera is therefore hanging ontinuously and the 'anti' soure positiondesribes on the sky a irle around the soure. In ontrast to wobble mode a), one is olleting o�data not only from a �xed sky region near the soure but from a more extended sky region, withonstant distane from the soure.For pratial purposes and for de�ning the telesope guidane one has to know whih displaementsin sky oordinates (Æ;RA) and in loal oordinates (�; ') are implied by a �xed displaement in theoordinates (x; y) of the amera system. This question is disussed in the subsequent setions.3 Coordinate systems and transformations3.1 Coordinate systemsThree oordinate systems will be onsidered :� System A : A loal oordinate system (xA; yA; zA) in whih the loal (zenith and azimuthal)angles (�; ') are de�ned� System B : An equatorial oordinate system (xB ; yB; zB) in whih the sky oordinates (Æ; �), i.edelination and hour angle, are de�ned. � is de�ned to be zero when the soure is ulminatingat the geographial longitude of the telesope. The relation between the hour angle � and theright asension RA is � = �RA + 0 + 1 � t (1)
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Figure 1: Soure and 'anti' soure positions in the amera system for wobble position 1
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Figure 2: Soure and 'anti' soure positions in the amera system for wobble position 3
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Figure 4: De�nition of the zenith angle �, the azimuthal angle ', the delination Æ and thehour angle �. The vetors ~a; ~z and ~r denote the earth-rotation axis (pointing to the elestialnorth pole), the zenith diretion and the position of a point on the sky respetively.



3.2 Transformations between di�erent systems 7where 0 and1 are independent of the soure and independent of the time t with1 = 360Æ0:9972696 � 24 h. If RA and � are known for an arbitrary point on the sky at the timet the onstant 0 an be determined and the relation between RA and � is known for all skydiretions, at all times.� System T : A telesope oordinate system (xT ; yT ; zT )The de�nition of the systems A and B is given in [1℄ and it an also be seen from Figs. 3 and 4.The vetors ~a; ~z and ~r denote the earth-rotation axis (pointing to the elestial north pole), the zenithdiretion and the position of a point on the sky respetively.The telesope system is de�ned as :� x-axis in the diretion of ~ex = ~r0 � ~zj~r0 � ~zj� y-axis in the diretion of ~ey = ~ex � ~r0� z-axis in the diretion of ~ez = �~r0where ~r0 represents the diretion the telesope is pointing to.For understanding the de�nition of the telesope system the following onsideration may be useful :When the observer is looking from the enter of the reetor in the diretion of the telesope axis(towards the amera) the xT -axis is pointing horizontally to the right, the yT -axis upwards and thezT -axis towards the observer.The origin of all three systems is assumed to be in the enter of the reetor.A natural de�nition of the amera plane is the plane perpendiular to ~ez at zT = �RC , where RC isthe distane of the amera from the reetor enter. For onveniene, a �tive amera system (xC ; yC)is de�ned in the plane at zT = �1 with its enter on the ~ez axis. With this de�nition small xC andsmall yC near (xC ; yC) = (0; 0) in the �tive amera system orrespond diretly to angles in the sky(see eqs. (35) and (38)) : �xC = � sin�0 ��tan' ' � sin�0 ��' (2)�yC = �tan� ' �� (3)The position (xtrueC ; ytrueC) in the true amera plane is obtained from (xC ; yC) byxtrueC = RC � xC ytrueC = RC � yC (4)3.2 Transformations between di�erent systemsThe reader is also refered to the TDAS note 05-07, whih ontains a more omprehensive disussionof the various transformations.a) Transformation from loal oordinates (�; ') to oordinates (xC ; yC) in the �tive am-era system



3.2 Transformations between di�erent systems 8The representations of the vetors ~ex; ~ey; ~ez; ~r0 and of some sky diretion ~r orig in system A are~ex;A = 0� � sin'0os'00 1A ~ey;A = 0� � os�0 � os'0� os�0 � sin'0� sin�0 1A (5)~r0;A = 0� sin�0 � os'0sin�0 � sin'0� os�0 1A = �~ez;A ~r origA = 0� sin� � os'sin� � sin'� os� 1A = 0� xAyAzA 1A (6)It follows that the omponents of ~r orig in the telesope system are~r origT = 0� xTyTzT 1A = 0B� ~ex;A � ~r origA~ey;A � ~r origA~ez;A � ~r origA 1CA = M � ~r origA (7)with M = 0� � sin'0 os'0 0� os�0 os'0 � os�0 sin'0 � sin�0� sin�0 os'0 � sin�0 sin'0 os�0 1A (8)Thus ~r origT = 0� xTyTzT 1A = 0� sin� � sin('� '0)sin�0 os�� os�0 � sin� � os('� '0)� os�0 os�� sin�0 � sin� � os('� '0) 1A (9)Note that these are the omponents of the original diretion ~r orig in the telesope system (before thereetion at the reetor). The reetion at the reetor is equivalent to a rotation of ~r orig by 180Æaround the telesope orientation ~r0 :~r refT = 0� xrefyrefzref 1A = 0� �xT�yTzT 1A = S � ~r origT (10)with S = 0� �1 0 00 �1 00 0 +1 1A = S�1 (11)Using (7) the omponents of ~r ref in the telesope system (after reetion) an be written as



3.2 Transformations between di�erent systems 9
~r refT = 0� xrefyrefzref 1A = S � ~r origT = S �M � ~r origA (12)= 0� � sin� � sin('� '0)� sin�0 os� + os�0 � sin� � os('� '0)� os�0 os�� sin�0 � sin� � os('� '0) 1A (13)= 0� � sin� � sin('� '0)sin(���0)� os�0 � sin� � [1� os('� '0)℄� os(���0) + sin�0 � sin� � [1� os('� '0)℄ 1A (14)The oordinates (xC ; yC) in the �tive amera system are now obtained by determining the intersetionpoint ~r amT of the line (� � ~r refT ) with the plane zT = �1 :~r amT = 0� xCyC�1 1A = �1zref �0� xrefyrefzref 1A (15)or � xCyC � = 1p1� (xref )2 � (yref )2 �� xrefyref � (16)sine ~r refT is a unit vetor. Note that the saling fator (�1=zref ) is lose to +1, beause (due to thesmall �eld of view of the amera) the diretions (�; ') and (�0; '0) are lose.b) Transformation from (xC ; yC) to (�; ')The point (xC ; yC) in the �tive amera system is the point (xC ; yC ;�1) in the telesope system, fromwhih the unit vetor ~r refT is derived by~r refT = 0� xrefyrefzref 1A = 1q1 + x2C + y2C �0� xCyC�1 1A (17)Inverting (12) the original diretion ~r origA in system A is given by~r origA = 0� sin� � os'sin� � sin'� os� 1A = M�1 � S�1 � ~r refT = MT � S � ~r refT (18)= 0� sin'0 os�0 � os'0 � sin�0 � os'0� os'0 os�0 � sin'0 � sin�0 � sin'00 sin�0 os�0 1A0� xrefyrefzref 1A (19)



3.2 Transformations between di�erent systems 10) Calulation of the telesope orientation (�0; '0) from (xC ; yC) and (�; ')In a) and b) transformations for a �xed orientation (�0; '0) (or ~r0;A) of the telesope were onsidered,namely between a diretion (�; ') (or ~r origA ) and a position (xC ; yC) in the �tive amera system.Alternatively one may want to determine the telesope orientation ~r0;A from the oordinates (xC ; yC)and (�; ') of a soure at a given time.Using (17) and (10) ~r origT an be alulated from (xC ; yC) as~r origT = 0� xTyTzT 1A = S�1 � ~r refT = 1q1 + x2C + y2C �0� �xC�yC�1 1A (20)The basi equation needed for omputing (�0; '0) (or ~r0;A) is equation (7)~r origT = 0� xTyTzT 1A = M � ~r origA (21)whih implies~r origA = 0� sin� � os'sin� � sin'� os� 1A = 0� xAyAzA 1A = M�1 �0� xTyTzT 1A = MT �0� xTyTzT 1A (22)In (21) ~r origT and ~r origA are known, and M ontains the quantities (�0; '0) to be determined (seeeq.(8)). (21) or (22) are systems of 3 equations with 2 unknowns. Beause ~r origA and ~r origT are unitvetors only 2 of the 3 equations are independent. M an also be written asM = V �H (23)with V = 0� 1 0 00 os�0 � sin�00 sin�0 os�0 1A H = 0� � sin'0 os'0 0� os'0 � sin'0 00 0 1 1A (24)From (22) one �nds �qx2A + y2A � x2T = os�0 � yT + sin�0 � zT (25)zA = � sin�0 � yT + os�0 � zT (26)or sin�0 = �yT � zA � zTqx2A + y2A � x2Ty2T + z2T (27)os�0 = +zT � zA � yTqx2A + y2A � x2Ty2T + z2T (28)



3.2 Transformations between di�erent systems 11The sign in front of the square root has to be hosen suh that �0 lies between 0 and �. Relation(28), whih follows diretly from (26), is atually suÆient for determining �0.Knowing �0 the matrix V and the vetor (V �1 � ~r origT ) an be alulated :V �1 � ~r origT = 0� xSySzS 1A = 0� 1 0 00 os�0 sin�00 � sin�0 os�0 1A �0� xTyTzT 1A (29)= 0� xTos�0 � yT + sin�0 � zT� sin�0 � yT + os�0 � zT 1A (30)Aording to (21), (23) and (24) this vetor is equal toV �1 � ~r origT = 0� xSySzS 1A = H � ~r origA = 0� � sin'0 os'0 0� os'0 � sin'0 00 0 1 1A �0� xAyAzA 1A (31)Solving (31) for sin'0 and os'0 yieldssin'0 = �xS � xA � yS � yAx2A + y2A (32)os'0 = +xS � yA � yS � xAx2A + y2A (33)The telesope orientation is ompletely given by the equations (27), (28), (32) and (33).d) Speial transformationsIf a point (xC ; yC) in the �tive amera is given, equations (14) and (15) may be used� to determine the original soure diretion (�; ') for a �xed telesope orientation (�0; '0), or� to alulate the telesope diretion (�0; '0) for a �xed soure diretion (�; ')From (14) and (15) one �nds that for a given telesope orientation (�0; '0) a soure position (xC ; yC) =(xC ; 0) on the x-axis of the �tive amera system orresponds to an original soure diretion (�; '),where � and ' are given by os� = os�0q1 + x2C (34)tan('� '0) = �xCsin�0 (35)By inverting this equation one obtains for a given soure diretion (�; ') with the position (xC ; 0) inthe �tive amera system the telesope orientation (�0; '0) by



4 Traking of a soure 12os�0 = os� �q1 + x2C (36)tan('� '0) = �xCqsin2�� x2C os2� (37)For a given telesope orientation (�0; '0), a soure position (xC ; yC) = (0; yC) on the y-axis of the�tive amera system orresponds to a diretion (�; '), where � and ' are given bytan(���0) = yC (38)' = '0 (39)By inverting this equation one obtains for a given soure diretion (�; ') with the position (0; yC) inthe �tive amera system the telesope orientation (�0; '0) bytan(���0) = yC (40)'0 = ' (41)4 Traking of a soure4.1 Calulation of the telesope orientationFor a given soure at the position (Æ;RA) and for a given absolute time t the guiding system willalulate the sky oordinates (Æ; �) (or ~rB) and the urrent loal oordinates (�; ') (or ~rA) of thesoure, inluding all orretions (preession, nutation, refration, et.). Depending on the wobbleposition (1, 2 or 3), whih �xes (xC ; yC), the telesope orientation (�0; '0) (or ~r0;A) an be alulatedusing eqs. (36), (37) and (40), (41) respetively. With this telesope orientation the soure shouldnow appear at the desired position in the amera.It may be of interest to know the sky position (Æ0; �0) (or ~r0;B) orresponding to the telesope orienta-tion (�0; '0) (or ~r0;A). Knowing the exat sky oordinates ~rB of the soure, the (preisely) alulatedloal oordinates ~rA of the soure and the (preisely) alulated loal oordinates ~r0;A of the tele-sope orientation one an alulate the approximate sky oordinates (Æ0; �0) (or ~r0;B) of the telesopeorientation :Using the transformation matrix A for transformations from system A to system B and vie versa (seeeq. (3) from [1℄) ~r0;B an be written as~r0;B ' ~rB + A � (~r0;A � ~rA) (42)or0� os Æ0 os�0os Æ0 sin�0� sin Æ0 1A ' 0� os Æ os�os Æ sin�� sin Æ 1A + 0� a3 0 �a10 �1 0�a1 0 �a3 1A 0� sin�0 os'0 � sin� os'sin�0 sin'0 � sin� sin'� os�0 + os� 1A (43)Here a1 = os(Lat) and a3 = � sin(LaT ), where Lat is the geographial latitude of the observingtelesope. For La Palma Lat = 28:76189Æ giving a1 = 0:876627 and a3 = �0:481171.



4.2 Cheking the telesope orientation 13Equation (43) yields only an approximate telesope orientation (Æ0; �0) beause the orretions men-tioned above are not taken into aount. However, sine only the di�erene of two (lose) diretionsis transformed the orretions will anel to a large extent.The right asension RA0 orresponding to the sky oordinate �0 at the time t is obtained byRA0 = RA + (�� �0) (44)where RA and � are the exat sky oordinates of the soure at the time t.For alulating (Æ0; �0) aording to (43), or RA0 aording to (44), in partiular � has to be known.If � is not provided by the guiding system it an be alulated from RA using (1).4.2 Cheking the telesope orientationBy means of some monitoring system (see [3℄) it may be possible to measure the atual telesopeorientation ~r0 at some time t. If ~r0 di�ers too muh from the desired diretion ~r0 the telesopeorientation (or the traking speed) has to be readjusted. ~r0 may be given in terms of loal oordinates(�0; '0) (or ~r0;A) or in terms of sky oordinates (Æ0; RA0). ~r0 may also be infered from the urrentartesian oordinates (xC ; yC) of a star in the CCD amera.For readjusting the telesope orientation ~r0 and ~r0 should obviously be represented in loal oordinates(system A). If they are given in a di�erent representation they have to be transformed into loaloordinates :a) The monitoring system provides (Æ0; RA0) :At a given time t the loal oordinates of the atual telesope orientation ~r0;A orresponding to(Æ0; RA0) an be alulated in the usual way, inluding all orretions.b) The monitoring system provides (xC ; yC) of a star :Knowing the sky oordinates (Æ;RA) of the star and the time t at whih (xC ; yC) was measuredthe loal oordinates (�; ') (or ~r origA ) of the star are alulated in the usual way, inludingall orretions. The atual telesope orientation ~r0;A is omputed from (xC ; yC) and ~r origA asdesribed in setion 3.2).After proper alibration of the shaft enoders (see [3℄), the shaft enoder values may be used to hekthe telesope orientation. As demonstrated in b), the CCD amera (see [3℄) provides another way ofheking the telesope orientation.5 Consequenes for the triggerAll trigger onditions whih are rotational symmetri with respet to the amera enter are not a�etedby the wobble mode. These are for example the trigger onditions whih are based on the shapes ofthe shower images.Attention must be paid to the trigger onditions whih depend on the soure position in the amera,i.e those whih use the orientation of the shower image relative to the soure position or the distaneof the shower image from the soure position. One has to make sure that these onditions do notdestroy the symmetry between the soure and the 'anti' soure position, whih is essential for thedetermination of the bakground in the soure region. Symmetry an be ahieved if the triggeronditions are symmetrized with respet to soure and 'anti' soure position.
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